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Abstract: We study one-loop photon (Π) and neutrino (Σ) self-energies in a U(1) covari-
ant gauge-theory on d-dimensional noncommutative spaces determined by a antisymmetric-
constant tensor θµν . For the general fermion-photon (Sf ) and photon self-interaction (Sg)
the closed form results reveal self-energies besetting with all kind of pathological terms: the
UV divergence, the quadratic UV/IR mixing terms as well as a logarithmic IR divergent
term of the type ln(µ2(θp)2). In addition, the photon-loop produces new tensor structures
satisfying transversality condition by themselves. We show that the photon self-energy in
four-dimensional Euclidean spacetime can be reduced to two finite terms by imposing a
specific full rank of θµν and setting deformation parameters (κf , κg) = (0, 3). In this case
the neutrino two-point function vanishes. Thus for a specific point (0, 3) in the parameter-
space (κf , κg), a covariant θ-exact approach is able to produce a divergence-free result for
one-loop quantum corrections, having also well-defined both the commutative limit as well
as the pointlike limit of an extended object. While in two-dimensional space the pho-
ton self-energy is finite for arbitrary (κf , κg) combinations, the neutrino self-energy still
contains an superficial IR divergence.
Keywords: Non-Commutative Geometry, Photon and Neutrino Physics,
Nonperturbative Effects.
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1. Introduction
Following the suggestions from string theory it becomes interesting to study gauge invariant
couplings of the known fields together with a certain antisymmetric background tensor
θµν . Specific subset is found for D-Brane effective action through the observation of the
invariance under a deformed gauge symmetry where normal product of fields is replaced
by the noncommutative (NC) star(⋆)-product [1]. So one can say that noncommutative
deformation is implemented by replacing the usual dotted product of a pair of fields φ(x)
and ψ(x) by a ⋆-product (φ ⋆ ψ)(x) in any action. The specific Moyal-Weyl ⋆-product is
relevant for the case of a constant antisymmetric noncommutative deformation tensor θµν
and is defined as follows:
(φ ⋆ ψ)(x) = e
i
2
θµν∂ηµ ∂
ξ
νφ(x+ η)ψ(y + ξ)
∣∣
η,ξ→0
. (1.1)
Considering coordinates xµ as the hermitian operators xˆµ [2], the coordinate-operator com-
mutation relation is then realized by the following ⋆-commutator of the usual coordinates
[xˆµ, xˆν ] = [xµ ⋆, xν ] ≡ xµ ⋆ xν − xν ⋆ xµ = iθµν , |θµν | ∼ Λ−2NC, (1.2)
– 1 –
with ΛNC being the scale of noncomutativity. Such a structure arises naturally from ge-
ometrical motivations in the branch known as noncommutative geometry [3, 4]. It is
reasonable to expect that the new underlying mathematical structures in the NC gauge
field theories (NCGFT) could lead to profound observable consequences for the low energy
physics. This is realized by the perturbative loop computation first proposed by Filk [5].
There are famous examples of running of the coupling constant in the U(1) NCGFT
in the ⋆-product formalism [6], and the exhibition of fascinating dynamics due to the
celebrated ultraviolet/infrared (UV/IR) phenomenon, without [7, 8], and with the Seiberg-
Witten map (SW) [9, 10, 11] included. Precisely, in [7, 8] it was shown for the first time
how UV short distance effects, considered to be irrelevant, could alter the IR dynamics,
thus becoming known as the UV/IR mixing. Some significant progress on UV/IR mixing
and related issues has been achieved [12, 13, 14, 15, 16] while a proper understanding of
loop corrections is still sought for.
Since commutative local gauge transformations for the D-brane effective action do not
commute with ⋆-products, it is important to note that the introduction of ⋆-products in-
duces field operator ordering ambiguities and also breaks ordinary gauge invariance in the
naive sense. However both the commutative gauge symmetry and the deformed noncommu-
tative gauge symmetry describe the same physical system, therefore they are expected to be
equivalent. This disagreement is remedied by a set of nonlocal and highly nonlinear param-
eter redefinitions called Seiberg-Witten (SW) map [1]. It appeared then relevant to study
ordinary gauge theories with the additional couplings inspired by the SW map/deformation
included [17, 18, 19].
To include a reasonably relevant part of all SW map inspired couplings, one normally
calls for an expansion and cut-off procedure, that is, to expansion of the action in powers
of θµν [17, 18, 19, 20]. Next follows theoretical studies of one loop quantum properties
[21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32], as well as studies of some new physical
phenomena, like breaking of Landau-Yang theorem, [33, 34, 35, 36, 37, 38], etc. It was also
observed that allowing a deformation-freedom via varying the ratio between individual
gauge invariant terms could improve the renormalizability at one loop level [26, 27].
In this work, however, we formulate the θ-exact action-model employing formal powers
of fields [39, 40, 41, 42, 43, 44, 45], aiming, at the same time, at keeping the nonlocal nature
of the modified theory. Introduction of a nonstandard momentum dependent quantity
of the type sin2(pθk/2)/(pθk/2)2 into the loop integrals makes these theories drastically
different from their θ-expanded cousins, being thus interesting for pure field theoretical
reasons. The deformation-freedom parameters (ratios) are found to be compatible with the
θ-exact action therefore included to study their possible effects on divergence cancelation(s).
Two-dimensional noncommutative gauge field theories (2d NCGFT) deserve nonethe-
less special attention. They are interesting in their own right because of relative simplicity
and because in two-dimensions noncommutativity does not break gauge and Lorentz in-
variance:
[x1 ⋆, x2] = iθ12 = ±iΛ−2NC ε12. (1.3)
Hence gauge bosons stay massless. Two-dimensional noncommutative Schwinger model
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[46] was analyzed recently [47, 48]. Results at one-loop show that the mass spectrum of
commutative and noncommutative theories is the same.
In this article we obtain a closed forms for fermion-loop and photon-loop corrections
to the photon and the neutrino self-energies using dimensional regularization technique
and we combine parameterizations of Schwinger, Feynman, and modified heavy quark
effective theory parameterization (HQET) [49]. Both two-point functions were obtained as
a function of unspecified number of the integration dimensions D. Next we specify gauge
field theory dimension d by taking the limits D → d; two different dimensions d = 4, 2 are
discussed.
The paper is structured as follows: In the following section we describe deformation
freedom induced actions, and we give the relevant Feynman rules. Sections 3 and 4 are
devoted to the computation of photon and neutrino self-energies containing the fermion and
the photon loop. Sections 5 and 6 are devoted to discussion and conclusions, respectively.
Relevant computational details of the nontrivial loop-integrals are given in the Appendix.
2. Actions and Feynman rules
The main principle that we are implementing in the construction of our θ-exact noncom-
mutative model is that electrically neutral matter fields will be promoted via hybrid SW
map deformations [50] to noncommutative fields that couple to photons and transform
in the adjoint representation of U⋆(1). We consider a U(1) gauge theory with a neutral
fermion which decouples from the gauge boson in the commutative limit. We specify the
action and deformation as a minimal θ-exact completion of the prior first order in θ models
[17, 18, 26, 33, 34], i.e. the new (inter-)action has the prior tri-particle vertices as the
leading order. So, the minimal gauge invariant nonlocal interaction includes the gauge
boson self-coupling as well as the fermion-gauge boson coupling, denoted here as Sg and
Sf , respectively:
S = SU(1) + Sg + Sf . (2.1)
Expressing all gauge fields in the action in terms of commutative U(1) field strengths
fµν = ∂µaν − ∂νaµ, we obtain the following manifestly gauge invariant expressions:1
SU(1) =
∫
−1
4
fµνf
µν + iψ¯/∂ψ , (2.2)
Sg =
∫
θijfµν
(κg
4
fij ⋆2 fµν − fµi ⋆2 fνj
)
, (2.3)
Sf = −
∫
iθijψ¯γµ
(
1
2
fij ⋆2 ∂µψ − κffµi ⋆2 ∂jψ
)
, (2.4)
with the ⋆2-product being defined as functional ⋆-commutator in [9, 10, 11]:
φ(x) ⋆2 ψ(x) = [φ(x) ⋆, ψ(x)] =
sin ∂1θ∂22
∂1θ∂2
2
φ(x1)ψ(x2)
∣∣∣∣
x1=x2=x
. (2.5)
1In the following we discuss the model construction for the massless case, and set e = 1. To restore the
coupling constant one simply substitutes aµ by eaµ and then divides the gauge-field term in the Lagrangian
by e2. Coupling constant e, carries (mass) dimension (4− d)/2 in d dimensions.
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Since Sg and Sf are both gauge invariant by themselves, one can incorporate either or both
of them into the full Lagrangian. The above action were obtained by a θ-exact gauge-
invariant truncation of a U⋆(1) model up to tri-leg vertices. Such operation is achievable
because the U(1) gauge transformation after deformation preserves the number of fields
within each term.
Motivation to introduce deformation parameters κg and κf was, besides the general
gauge invariance of the action, to help eliminating one-loop pathologies due to the UV
and/or IR divergences in both sectors. The parameter-space (κf , κg) represents a measure
of the deformation-freedom in the matter (Sf) and the gauge (Sg) sectors, respectively.
Each parameter bears the origin from the corresponding θ-expanded theory too. The gauge
deformation κg was first presented in the non-Abelian gauge sector action of the NCSM
and NC SU(N) at first order in θ, Sθg [26, 27], which could also be realized by modifying
the standard SW map for gauge field strength [51]. We have observed in prior studies
[11, 52] that this deformation can be made θ-exact and adopted it here. The deformation-
freedom parameter κf in the photon-gauge boson interaction (2.4) is used to realize the
linear superposition of two possible nontrivial NC deformations of a free neutral fermion
action proposed in [11, 45]. Its existence was already hinted in the θ-expanded expressions
in [33] but not fully exploited in the corresponding loop computation yet.
By straightforward reading-out procedure from Sg (2.3) we obtain the following Feyn-
man rule for the triple-photon vertex in momentum space:
Γµνρκg (p; k, q) = F (k, q)V
µνρ
κg (p; k, q); F (k, q) =
sin kθq2
kθq
2
, (2.6)
with momenta p, k, q are taken to be incoming satisfying the momentum conservation
p+ k + q = 0. The deformation freedom ambiguity κg is included in the vertex function:
V µνρκg (p; k, q) = −(pθk)
[
(p− k)ρgµν + (k − q)µgνρ + (q − p)νgµρ
]
− θµν
[
pρ(kq)− kρ(pq)
]
− θνρ
[
kµ(pq)− qµ(pk)
]
− θρµ
[
qν(pk)− pν(kq)
]
+ (θp)ν
[
gµρq2 − qνqρ
]
+ (θp)ρ
[
gµνk2 − kµkν
]
+ (θk)µ
[
gνρq2 − qνqρ
]
+ (θk)ρ
[
gµνp2 − pµpν
]
+ (θq)ν
[
gµρp2 − pµpρ
]
+ (θq)µ
[
gνρk2 − kνkρ
]
+ θµσ(κgp+ k + q)σ
[
gνρ(kq)− qνkρ
]
+ θνσ(p + κgk + q)σ
[
gµρ(qp)− qµpρ
]
+ θρσ(p + k + κgq)σ
[
gµν(kp)− kµpν
]
. (2.7)
The above vertex function (2.7) is in accord with corresponding Feynman rule for triple
neutral gauge-boson coupling in [38].
From Sf (2.4) the fermion-photon vertex reads as follows:
Γµκf (k, q) = F (k, q)V
µ
κf
(k, q) = F (k, q)
[
κf
(
/k(θq)µ − γµ(kθq)
)
− (θk)µ/q
]
, (2.8)
where k is the photon incoming momenta, and the fermion momentum q flows through the
vertex, as it should.
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Figure 1: Fermion-loop contribution to the photon two-point function
3. One-loop photon self-energy
3.1 Computing photon two-point function using dimensional regularization
Employing the parametrization given in Appendix A and [50], we are enabled to follow the
general procedure of dimensional regularization in computing one-loop two point functions.
We first present the results with respect to general integration dimension D, then in the
next sections we will discuss the behavior in different D → d limits.
Photon two-point function: Fermion-loop
The fermion-loop contribution is read out from Fig.1
Πµνκf (p)D = −tr µd−D
∫
dDk
(2π)D
Γµκf (−p, p+ k)
i(/p + /k)
(p + k)2
Γνκf (p, k)
i/k
k2
, (3.1)
where the momentum structure and dependence on the parameter κf is encoded in
tr V µκf (−p, p+ k)(/p+ /k)V νκf (p, k)/k. (3.2)
After considerable amount of computations we have found the following structure:
Πµνκf (p)D =
1
(4π)2
[(
gµνp2 − pµpν
)
F
κf
1 (p) + (θp)
µ(θp)νF
κf
2 (p)
]
, (3.3)
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with the loop-coefficients F
κf
i (p)
F
κf
1 (p) = −4Dim(Cl[[d]])(4π)2−
D
2 µd−D κ2f
[
Γ
(
2− D
2
)(Γ(D2 ))2
Γ(D)
(p2)
D
2
−2
− 2D2 −1
(
(θp)2
p2
)1−D
4
∫ 1
0
dx
(
x(1− x))D4 KD
2
−2
(
X
)]
,
(3.4)
F
κf
2 (p) = Dim(Cl[[d]])(4π)
2−D
2 µd−D κf
[(
κf − 1
)( 4
(θp)2
)D
2 2Γ(D2 )
D − 1
− κf 21+
D
2
(
(θp)2
p2
)−D
4
∫ 1
0
dx
(
x(1− x))D4 KD
2
(
X
)]
,
(3.5)
where Dim (Cl[[d]]) is the dimension of Clifford algebra and X is a new dimensionless
variable,
X =
√
x(1− x)p2(θp)2. (3.6)
The single finite term in (3.5), presenting an additional correction from the SW map
induced deformation, vanishes only for κf = 1. All of the divergences arising from the
fermion-loop (Fig.1) could be removed by the choice κf = 0, as in that case the whole
general amplitude (3.3) vanishes for any integration dimensions D.
It is straightforwardly to see that the tensor structure (3.3) does satisfy the Ward
(Slavnov-Taylor) identity by itself, therefore
pµΠ
µν
κf
(p)D = pνΠ
µν
κf
(p)D = 0.
Photon two-point function: Photon-loop
The photon-loop computation involves a single photon-loop integral contribution to photon
self-energy from Fig.2 in D dimensions
Πµνκg (p)D =
1
2
µd−D
∫
dDk
(2π)D
Γµρσκg (−p;−k, p + k)
−igρρ′
k2
Γνρ
′σ′
κg (p; k,−k − p)
−igσσ′
(p+ k)2
= −1
2
µd−D
∫
dDk
(2π)D
F 2(p, k)
k2(p + k)2
V µρσκg (−p;−k, p + k)(Vκg )νρσ(p; k,−k − p).
(3.7)
and as a function of deformation freedom κg ambiguity correction. The initial task is to
evaluate contractions V µρσκg (−p;−k, p+ k)(Vκg )νρσ(p; k,−k − p).
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Figure 2: Photon-loop contribution to the photon two-point function
After a lengthy computation we obtained the following compact form of the photon-
loop contribution to the photon two-point function in D-dimensions,
Πµνκg (p)D =
1
(4π)2
{[
gµνp2 − pµpν
]
B
κg
1 (p) + (θp)
µ(θp)νB
κg
2 (p)
+
[
gµν(θp)2 − (θθ)µνp2 + p{µ(θθp)ν}
]
B
κg
3 (p)
+
[
(θθ)µν(θp)2 + (θθp)µ(θθp)ν
]
B
κg
4 (p) + (θp)
{µ(θθθp)ν}B
κg
5 (p)
}
.
(3.8)
Clearly the above structure is much more reacher with respect to earlier θ-exact without
SW map results [54, 56]. Each of B
κg
i the momentum structures satisfies Ward identities
by itself, i.e.
pµΠ
µν
κg (p)D = pνΠ
µν
κg (p)D = 0.
All coefficients B
κg
i can be expressed as sum over integrals over modified Bessel and
generalized hypergeometric functions. A complete list of coefficients F
κf
i (p) and B
κg
i (p) as
a functions of dimension D is given in the Appendix B.
3.2 Photon self-energy at different dimensions
Fermion loop in the D → 4 limit
In the limit D → 4− ǫ, the loop-coefficients can be expressed in the following closed forms:
F
κf
1 (p) =− κ2f
8
3
[
2
ǫ
+ lnπeγE + ln
(
µ2(θp)2
)]
+ 4κ2fp
2(θp)2
∞∑
k=0
(k + 2)(p2(θp)2)k
4kΓ[2k + 6]
·
[
(k + 2)
(
ln
(
p2(θp)2
)− ψ(2k + 6)− ln 4)+ 2],
(3.9)
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F
κf
2 (p) =κf
8
3
p2
(θp)2
[
κf − 8
(
κf + 2
) 1
p2(θp)2
]
− 4κ2fp4
∞∑
k=0
(p2(θp)2)k
4kΓ[2k + 6]
·
[
(k + 1)(k + 2)
(
ln
(
p2(θp)2
)− 2ψ(2k + 6)− ln 4)+ 2k + 3].
(3.10)
The above expressions for F
κf
1,2(p) contain both contributions, from the planar as well as
from the non-planar graphs.
Photon loop in the D → 4 limit
Using each B
κg
i (p) in (3.8) from the Appendix B in theD → 4−ǫ limit, we found expressions
similar to the fermion-loop. Next we concentrate on the divergent parts in the IR regime
B
κg
1 (p) ∼
(
2
3
(
κg − 3
)2
+
2
3
(
κg + 2
)2 p2(trθθ)
(θp)2
+
4
3
(
κ2g + 4κg + 1
) p2(θθp)2
(θp)4
)
·
[
2
ǫ
+ ln(µ2(θp)2)
]
− 16
3
(
κg − 1
)2 1
(θp)6
(
(trθθ)(θp)2 + 4(θθp)2
)
,
(3.11)
B
κg
2 (p) ∼
(
8
3
(
κg − 1
)2 p4(θθp)2
(θp)6
+
2
3
(
κ2g − 2κg − 5
)p4(trθθ)
(θp)4
+
2
3
(
25κ2g
− 86κg + 73
) p2
(θp)2
)[
2
ǫ
+ ln(µ2(θp)2)
]
− 16
3
(
κg − 3
)(
3κg − 1
) 1
(θp)4
+
32
3
(κg − 1
)2 1
(θp)8
(
(trθθ)(θp)2 + 6(θθp)2
)
,
(3.12)
B
κg
3 (p) ∼ −
1
3
(
κ2g − 2κg − 11
) p2
(θp)2
[
2
ǫ
+ ln(µ2(θp)2)
]
− 8
3(θp)4
(
κ2g − 10κg + 17
)
, (3.13)
B
κg
4 (p) ∼ −2
(
κg + 1
)2 p4
(θp)4
[
2
ǫ
+ ln(µ2(θp)2)
]
− 32p
2
3(θp)6
(
κ2g − 6κg + 7
)
, (3.14)
B
κg
5 (p) ∼
4
3
(
κ2g + κg + 4
) p4
(θp)4
[
2
ǫ
+ ln(µ2(θp)2)
]
+
64p2
3(θp)6
(
κg − 1
)(
κg − 2
)
. (3.15)
Note that all B
κg
i (p) coefficients are computed for abitrary κg and the notation ∼ means
that in the above equations we have neglected all finite terms. We observe here the presence
of the UV divergences as well as quadratic UV/IR mixing in all B
κg
i ’s. The logarithmic
IR divergences from planar and nonplanar sources appear to have identical coefficient and
combine into a single lnµ2(θp)2 term. Finally no single κg value is capable of removing all
novel divergences.
Fermion and photon loops in the D → 2 limit
By setting the D → 2− ǫ instead of the D → 4− ǫ limit in (3.4) and (3.5), we are able to
compare our results with the results of [48], obtained in the U(N) model of 2d NCGFT.
One could easily observe that F
κf
1,2(p) remain finite when D → d = 2, therefore we can
directly set D = d = 2. One can then see that the Bessel K-functions in F
κf
1 (p) and F
κf
2 (p)
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for arbitrary κf exactly cancels each other since K−1[z] = K1[z]. Then, as an example for
κf = 1, the dimension of Clifford algebra Dim (Cl[[2]]) = 2 yields:
F
κf=1
1 (p) = −32π
[
(p2)−1 −
(
(θp)2
p2
) 1
2
∫ 1
0
dx
(
x(1− x)) 12K−1(X)
]
, (3.16)
F
κf=1
2 (p) = −32π
(
(θp)2
p2
)− 1
2
∫ 1
0
dx
(
x(1− x)) 12K1(X). (3.17)
In two dimensions the totally antisymmetric tensor is up to a constant factor unique
and rotationally invariant, so the tensor structures appearing in (3.3) coincide
(θp)µ(θp)νp2 =
(
gµνp2 − pµpν)(θp)2, (3.18)
therefore
Πµνκf (p)2 =
1
(4π)2
(
gµνp2 − pµpν
)[
F
κf
1 (p) +
(θp)2
p2
F
κf
2 (p)
]
, (3.19)
and we are left with a single finite term from the planar integral. Summing the two terms
in (3.19) makes the modified Bessel function integrals from (3.16) and (3.17) to cancel each
other for arbitrary κf , representing in fact a cancellation of non-planar graphs, and leaving
the total amplitude in the following form
Πµνκf (p)2 =
1
4π
(
gµνp2 − pµpν
)[ 8
p2
κf
(
κf − 2
)]
. (3.20)
In the limit κf → 0, we clearly have gµνΠµνκf=0(p)2 = 0. Taking the limit κf → 1, and
restoring the coupling constant e, we have found photon self-energy to be finite:
gµνΠ
µν
κf=1
(p)2 = −2e
2
π
. (3.21)
Thus the Eq. (15) in [48] still holds. Compare our planar result with Eq. (12) in [48]
revolves also an extra factor −2. Noticing the elimination of phase factor i from Eq. (8)
to (11) in [48], we identify the minus sign as the effect of Wick rotation performed there.
The missing of factor two could be due to a certain differences regarding the definition of
the starting action.
Analyzing photon-loop contribution to the photon self-energy in two Euclidean dimen-
sions (d=D=2), appart from (3.18) we have to use the following simplifications (θθ)µν =
−Λ−4NCgµν = −Λ−4NCδµν , (θθp)µ = −Λ−4NCpµ, (θθθp)µ = −Λ−4NC(θp)µ, (θp)2 = Λ−4NCp2, and
(θθp)2 = Λ−8NCp
2. We further fix trθθ = −DΛ−4NC for any nondegenerate θµν that satisfies
(θθ)µν = −Λ−4NCgµν = −Λ−4NCδµν according to the dimensional regularization prescription.
Thus the photon-loop contribution can be reduced to one term too. After restoring the
coupling constant e we obtain the following contributions from the photon-loop
Πµνκg (p)2 =
e2
(4π)2
[
gµνp2 − pµpν
](
B
κg
1 +
B
κg
2 + 2B
κg
3
Λ4NC
− B
κg
4 + 2B
κg
5
Λ8NC
)
=
e2
4π
[
gµνp2 − pµpν
]
Bκg(p).
(3.22)
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Explicit evaluation of Bκg(p) using the integrals defined in Appendix B yields the following
finite photon-loop result
Bκg(p) =
16
p2
(
κ2g − 7κg + 7
)
. (3.23)
Two κg values (7±
√
21)/2 gives vanishing Bκg(p).
3.3 Photon loop with a special θµν in the D → 4 limit
In our prior analysis we have found that in theD → 4−ǫ limit the general off-shell contribu-
tion of photon self-interaction loop to the photon two-point function contains complicated
non-vanishing UV and IR divergent terms with existing and new momentum structures,
regardless the κg values we take. To see whether there exists certain remedy to this situ-
ation we explore two conditions which have emerged in the prior studies. First we tested
the zero mass-shell condition/limit (p2 → 0) used in θ-expanded models [30]. Inspection
of Eq’s (3.9,3.10) and (3.11-3.15) show some simplification but not the full cancelation of
the pathological divergences. Such condition clearly appears to be unsatisfactory.
Next we have turned into the other one, namely the special full rank θµν choice
θµν ≡ θµνσ2 =
1
Λ2NC


0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0

 = 1Λ2NC
(
iσ2 0
0 iσ2
)
≡ 1
Λ2NC
iσ2 ⊗ I2, (3.24)
with σ2 being famous Pauli matrix.
This choice, in 4d Euclidean spacetime2, induces a relation (θθ)µν = − 1
Λ4
NC
gµν simi-
lar to the 2d NCGFT discussed in the last subsection. The tensor structures (3.8) then
simplifies into two parts
Πµνκg (p)4
∣∣∣∣
θσ2
=
e2
(4π)2
{[
gµνp2 − pµpν
]
B
κg
I (p) + (θp)
µ(θp)ν B
κg
II (p)
}
=
e2
(4π)2
{[
gµνp2 − pµpν
](
B
κg
1 + 2
B
κg
3
Λ4NC
− B
κg
4
Λ8NC
)
+ (θp)µ(θp)ν
(
B
κg
2 − 2
B
κg
5
Λ4NC
)}
,
(3.25)
with restored coupling constant e included. Solving B
κg
I (p) and B
κg
II (p), and neglecting the
IR safe terms, revolves the divergent parts:
B
κg
I (p) ∼
4(κg − 3)2
3
(
2
ǫ
+ ln
(
µ2(θp)2
))
+
16
3
(κg − 3)(κg + 1)
p2(θp)2
, (3.26)
B
κg
II (p) ∼ 2 p2
(κg − 3)(7κg − 9)
(θp)2
(
2
ǫ
+ ln
(
µ2(θp)2
))
− 16
3
(κg − 3)(7κg − 5)
(θp)4
. (3.27)
2This condition was used in the renormalizability studies of 4d NCGFT without SW map [14, 15]. Note
also that this θµνσ2 is full rank and thus breaks in general the unitarity if one performs Wick rotation to the
Minkowski spacetime.
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Figure 3: Bubble-graph contribution to the neutrino two-point function
We observe immediately that point κg = 3 eliminates all divergences. A careful evaluation
of the full photon-loop at this point revolves a simple structures
B
κg=3
I (p) = 2
[
56
3
+ I
]
, B
κg=3
II (p) = −
p2
(θp)2
9
[
8− I
]
, (3.28)
where
I = 8
(
K [0; 0, 0] − 6K [0; 1, 1]
)
+ (θp)2
(
3W [1; 0, 0] − 16W [1; 1, 1]
)
= 0, (3.29)
with K [ν; a, b] and W [ν; a, b] taken from Appendix B. The detailed proof of the above
vanishing identity I is presented in the Appendix C. Thus, for special choice (3.24) in the
D → 4− ǫ limit, and at κg = 3 point, we have found
B
κg=3
I (p) =
112
3
, B
κg=3
II (p) = −72
p2
(θp)2
, (3.30)
as the only one-loop-photon self-interaction corrections to the photon two-point function.
4. One-loop neutrino self-energy
One-loop contributions as a function of κf receive the same Lorentz structure as in [11].
We now reconfirm that by using the action (2.1) together with the Feynman rule (2.8), out
of four diagrams in Fig.2 of [11], only the bubble graph (Fig.3 in this manuscript) gives
nonzero contribution. In the present scenario its contribution reads
Σκf (p)D =
−1
(4π)2
[
γµp
µ N
κf
1 (p) + γµ(θθp)
µ N
κf
2 (p)
]
. (4.1)
Loop-coefficients N
κf
1,2(p), as a functions of an arbitrary dimensions D, are given in the
Appendix B.
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For arbitrary κf in the limit D → 4−ǫ we have obtained the following loop-coefficients:
N
κf
1 (p) = κf
{[
2κf +
(
κf − 1
)(2
ǫ
+ lnπeγE + ln
(
µ2(θp)2
))]
− p
2(θp)2
4
∞∑
k=0
(p2(θp)2)k
4kk(k + 1)(2k + 1)2(2k + 3)Γ[2k + 4]
·
[
k(k + 1)(2k + 1)(2k + 3)
(
κf (2k + 3)− 1
)(
ln
(
p2(θp)2
)− 2ψ(2k) − ln 4)
+ 3 + 28k + 46k2 + 20k3 − κf
(
2k + 3
)2(
1 + 8k + 8k2
)]
+ (trθθ)
{
p2
(θp)2
[
2
ǫ
+ 2 + γE + lnπ + ln
(
µ2(θp)2
)
+
8
(
κf − 1
)
3κf (θp)2p2
]
− p
4
4
∞∑
k=0
(p2(θp)2)k
4kk(k + 1)(2k + 1)2(2k + 3)
[
k(k + 1)(2k + 1)(2k + 3)
·
(
ln
(
p2(θp)2
)− 2ψ(2k) − ln 4)− 2k(14 + k(23 + 10k)) − 3]}
+ (θθp)2
{
2
p2
(θp)4
[
2
ǫ
+ 1 + γE + lnπ + ln
(
µ2(θp)2
)
+
16
(
κf − 1
)
3κf (θp)2p2
]
+
p4
2(θp)2
∞∑
k=0
k(p2(θp)2)k
(k + 1)(2k + 1)2(2k + 3)Γ[2k + 4]
[
(k + 1)(2k + 1)(2k + 3)
·
(
ln
(
p2(θp)2
)− 2ψ(2k) − ln 4)+ 16k2 − 34k − 17]}
}
,
(4.2)
N
κf
2 (p) =− κf
p2
(θp)2
{
4 +
(
κf − 1
)[2
ǫ
+ lnπeγE + ln
(
µ2(θp)2
)]− 16
(
κf − 1
)
3(θp)2p2
− p
2(θp)2
4
∞∑
k=0
(p2(θp)2)k
4kk(k + 1)(2k + 1)2(2k + 3)Γ[2k + 4]
[
k(1 + k)(1 + 2k)(3 + 2k)
·
(
1 + 3kf + 2
(
kf + 1
)
k
)(
ln
(
p2(θp)2
)− 2ψ(2k) − ln 4)− 3− 9κf
− 4k
(
7 + 21κf +
(
20 + 43κf + 2k
(
11 + 4k + 4κf (4 + k)
))
k
)]}
.
(4.3)
In the expressions for N
κf
1,2(p) contributions from both the planar as well as the non-planar
graphs are present. For any κf 6= 1 our neutrino self energy receive UV, and power as well
as logarithmic UV/IR mixing terms. Choosing κf = 1 eliminates some of divergences, but
not all of them. Imposing the special θµνσ2 reduces the contribution to quadratic UV/IR
mixing into a single term from N
κf
2 (p), which has two zero points κf = 0, 1. Only κf = 0
can induce full UV divergence cancelation, by removing the whole Σκf (p)4.
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In the D → 2− ǫ limit, we can employ the identities mentioned in Subsection 3.2, and,
after restoring the coupling constant e, obtain neutrino self-energy in two dimensions
Σκf (p)2 = −
1
4π
γµp
µ
[
−e2
p2
Nκf (p)
]
. (4.4)
For arbitrary κf the above loop-coefficient N
κf (p) has no divergences:
Nκf (p) =− 4(κ2f − 2κf + 2) − 16(κf − 1)2f(p, θ)
= −4(κ2f − 2κf + 2)− 16(κf − 1)2 p2 (θp)2
∞∑
k=1
(k + 1)(p2)k((θp)2)k
4k(2k + 1)2(2k + 3)2Γ[2k + 3]
·
[
(k + 1)(2k + 1)(2k + 3)
(
ln
(
p2(θp)2
)− 2ψ(2k + 2)− ln 4)− (4k2 + 8k + 5)].
(4.5)
Here we observe that the commutative limit is safe, there are no UV divergences, IR
vanishing terms can be removed by κf = 1, only a superficial IR divergence remains for all
real κf values in Σκf (p)2.
5. Discussion
In this model we present a θ-exact quantum one-loop contributions to the photon (Π)
and neutrino (Σ) self-energies and analyze their properties. Our method, an extension of
the modified Feynman rule procedure [5] yields the one-loop quantum corrections for arbi-
trary dimensions in closed form, as function of the deformation-freedom parameter-space
(κf , κg), as well as momentum p
µ and noncommutative parameter θµν . We evaluated the
one-loop photon and neutrino self-energies while keeping full parameter-space freedom.
Following the extended dimensional regularization technique we expressed the diagrams
as D-dimensional loop-integrals and identify the relevant momentum structures with cor-
responding loop-coefficients. We have found that total contribution to photon two-point
function satisfies the Ward-(Slavnov-Taylor) identities for arbitrary dimensions D and for
any point (κf , κg) in parameter-space:
pµΠ
µν
(κf ,κg)
(p)D = pµ
(
Πµνκf (p)D +Π
µν
κg (p)D
)
= pν
(
Πµνκf (p)D +Π
µν
κg (p)D
)
= 0. (5.1)
We observe the following general behavior of one-loop two-point functions in the
D → 4 − ǫ limit: The total expressions for both the photon and the neutrino self-energy
contain the 1/ǫ ultraviolet term, the celebrated UV/IR mixing power terms as well as
the logarithmic (soft) UV/IR mixing term. The 1/ǫ divergence is always independent of
the noncommutative scale. The logarithmic terms from the ǫ-expansion and the modified
Bessel function integral sum into a common term ln(µ2(θp)2), which is divergent both in
the IR limit |p| → 0, as well as in the vanishing noncommutativity θ → 0 limit.
Our evaluation of the four dimensional θ-exact fermion-part contribution to the photon
self-energy, i.e. the fermion-loop photon two-point function (3.3) yields two already known
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tensor structures [54, 55, 56]. The loop-coefficients F
κf
1,2(p), on the other hand, exhibit
nontrivial κf dependence. Namely, in the limit κf → 0 =⇒ F κf1 = F
κf
2 = 0, thus the
photon self-energy (3.3) vanishes, while κf = 1 appears to be identical to the non SW-map
model. Fermion-loop contains UV and logarithmic divergence in F
κf
1 for κf 6= 0, while the
quadratic UV/IR mixing could be removed by setting κf = 0, 2 in F
κf
2 (p).
The photon-loop contribution to the photon two point function contains various previ-
ously unknown new momentum structures with respect to earlier θ-exact results based on
⋆-product only. These higher order in θ (θθθθ types) terms suggest certain connection to
the open/closed string correspondence [1, 40] (in an inverted way). We consider such con-
nection plausible given the connection between noncommutative field theory and quantum
gravity/string theory.
The four dimension expressions of the photon-loop contribution (3.8) to self-energy,
contains the UV terms, a logarithmic IR singularity as well as quadratic UV/IR mixing
terms. This reflects the fact that, up to the 1/ǫ terms, the UV divergence is at most
logarithmic, i.e. there is a logarithmic ultraviolet/infrared term representing a soft UV/IR
mixing. The results (3.11-3.15) in four dimensions for arbitrary κg show very complicated
structures containing no singular behavior in the infrared (|p| → 0). On the other hand the
amplitude Πκg (p) in both, the commutative limit (θ → 0) and the size-of-the-object limit
(|θp| → 0), diverge. Also the UV/IR mixings is present for any κg. Inspecting (3.11) to
(3.15) together with general structure (3.8) we found decouplings of UV and logarithmic
IR divergences from the power UV/IR mixing terms. The latter exists in all B
κg
i ’s.
To simplify the tremendous divergent structures in B
κg
i ’s at D → 4 − ǫ, we have
probed two additional conditions: One which appears to be ineffective is the zero mass-
shell condition/limit p2 → 0, due to the uncertainty on its own validity when quantum
corrections present. The other condition, namely setting θµν to a special full ranked value
θµνσ2 (3.24) and working in Euclidean instead of Minkowski space, reduces the number of
momentum structures from five to two. Then all divergences and the IR safe contributions
desappear at a unique point (κf , κg) = (0, 3) leaving, in the notation of Eq. (5.1),
Πµν(0,3)(p)4
∣∣∣∣
θσ2
= Πµνκg=3(p)4
∣∣∣∣
θσ2
=
e2p2
π2
[
7
3
(
gµν − p
µpν
p2
)
− 9
2
(θp)µ(θp)ν
(θp)2
]
, (5.2)
as the only one-loop-finite contribution/correction to the photon two-point function.
Considering neutrino self-energy (4.1), our results extends the prior works [10, 11] by
completing the behavior for general κf . Here we discuss some novel behaviors associated
with general κf . The neutrino self-energy does posses power UV/IR mixing phenomenon
for arbitrary values of κf , except κf = 1. In the limit κf → 0 all UV, IR divergent terms as
well as constant terms in N
κf
1,2(p) vanish; what remains are only the power UV/IR mixing
terms. The UV divergence can be localized using the special θ value [10, 11] in N
κf
1 but not
in N
κf
2 . The UV and the power IR divergence in N
κf
2 can be removed by setting κf = 1.
The general existences of UV/IR mixings for both, photons and neutrinos respectively,
in 4d spaces deformed by spacetime noncommutativity at low energies, suggests that the
relation of quantum corrections to observations [57] is not entirely clear. However, in the
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context of the UV/IR mixing it is very important to mention a complementary approach
[60, 61] where NC gauge theories are realized as effective QFT’s, underlain by some more
fundamental theory such as string theory. It was claimed that for a large class of more
general QFT’s above the UV cutoff the phenomenological effects of the UV completion can
be quite successfully modeled by a threshold value of the UV cutoff. So, in the presence of
a finite UV cutoff no one sort of divergence will ever appear since the problematic phase
factors effectively transform the highest energy scale (the UV cutoff) into the lowest one
(the IR cutoff). What is more, not only the full scope of noncommutativity is experienced
only in the range delimited by the two cutoffs, but for the scale of NC high enough, the
whole standard model can be placed below the IR cutoff [57]. Thus, a way the UV/IR
mixing problem becomes hugely less pressing, making a study of the theory at the quantum
level much more reliable.
Following the idea of noncommutative two-dimensional gauge theories [46, 47, 48] we
have also studied the integration dimension D dependence of the loop integrals. Consid-
ering behavior of divergences in the 2d NCGFT we again present both, the analysis of the
photon and the neutrino two-point functions. There exist preferred constraint on, in princi-
ple two different, deformation-parameters (κf , κg), respectively. That is, the minimal choice
κf = κg for certain values eliminate all divergences, where Π
µν
(κf ,κg)
(p)2 = Π
µν
κf (p)2+Π
µν
κg (p)2
was computed from (3.20) and (3.23), respectively. The neutrino self-energy Σκf (p)2 was
computed from 2d neutrino two-point functions in (4.4).
The analysis of the fermion-loop contribution to the 2d photon two-point function
reveals a result for gµνΠ
µν
κf (p)2 which is finite: −2e2/π or zero, for the freedom parameter
κf = 1 or κf = 0, 2, respectively. Cancellation of the modified Bessel function integrals in
fermion-loop (3.4) and (3.5) represents in fact the cancellation of non-planar graphs. The
nontrivial variation with respect to κf is however a consequence of summing over additional
special function integrals which generalize the non-planar graphs in [48]. The photon-loop
contribution is also finite and vanishes at (7±√21)/2.
The behavior of the 2d neutrino two-point function (4.4) shows a divergent behaviour
in the infrared (|p| → 0) for arbitrary κf . However, for arbitrary κf the commutative limit
(θ → 0) is smooth. All above 2d NCGFT properties are summarized in Table 1.
6. Conclusion
After having defined and explained the full noncommutative action-model origin of the de-
formation parameters κf , κg, we obtained the relevant Feynman rules. The one-loop photon
self-energy in four dimensions contains the UV divergence and UV/IR mixing terms depen-
dent on the freedom parameters κf and κg. The introduction of the freedom parameters
univocally has a potential to improve the situation regarding cancellation of divergences,
since certain choices for κf and κg could make some of the terms containing singularities
to vanish. In conclusion, our main result in four-dimensional space is that we have under
full control all pathological terms as a consequence of the introduction of the deformation-
freedom parameter-space (κf , κg) and a special choice for θ
µν . In particular, working in the
4d Euclidean space with a special full rank of θµνσ2 and setting (κf , κg) = (0, 3), the fermion
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(κf , κg) gµν
(
Πµνκf (p)2 +Π
µν
κg (p)2
)
/p Σκf (p)2
κf = κg = 0 28
e2
π −2e
2
π
(
1 + 2f(p, θ)
)
κf = κg = 1 2
e2
π −e
2
π
κf = κg = 2 −12e
2
π −2e
2
π
(
1 + 2f(p, θ)
)
κf = κg = 3 −14e
2
π −e
2
π
(
5 + 16f(p, θ)
)
Table 1: Photon (Π) and neutrino (Σ) self-energies in 2d NCGFT given for typical values of the
deformation parameters, in the simplest case κf = κg. The function f(p, θ) could be deduced from
2d neutrino two-point functions.
plus the photon-loop contribution to Πµν
(κf ,κg)
(p)4 contain only two finite terms, i.e. all
divergent terms are eliminated. In this case the neutrino two-point function vanishes. In
two-dimensional space, the photon self-energy is finite, while the neutrino self-energy still
contains an IR divergence, for any choice of the deformation-freedom parameters κf , κg.
From Table 1 we see that in the minimal 2d NC θ-exact U(1) action with κf = κg =
[
0; 2
]
,
the photon self-energy is finite
[
+ 28e2/2π;−12e2/π] (with the opposite sign), while the
neutrino self-energy becomes the same for both choices. Due to the dominance of the
photon-loop contributions the overall sign for the 2d photon self-energy is changed and for
some values of κf = κg its contribution gets enhanced by a large factor with respect to the
previous result [48]. All four choices for the deformation-freedom parameters in Table 1
produce no divergences at all, up to the artificial IR divergence for the neutrino self energy.
The above profound structure in 2d NCGFT suggests further study in the gauge/gravity
duality framework [62, 63, 64, 65], with the possibility of the important connection of the
3d NCGFT with the 3d gravity, in particular.
7. Acknowledgment
J.T. would like to acknowledge support of Max-Planck-Institute for Physics, Munich, for
hospitality, and J. Erdmenger and W. Hollik for fruitful discussions. Special thanks goes
to D. Blaschke for pointing out to us the special choice of the noncommutative parameter.
We would like to thank C.P. Martin and P. Schupp for various helpful comments on the
manuscript. A great deal of computation was done by using Mathematica 8.0 [66] plus
tensor algebra package xAct [67]. The work of R.H., J.T. and J.Y. are supported by the
Croatian Ministry of Science, Education and Sports under Contract Nos. 098-0982930-
– 16 –
2872. The work of A.I. is supported by the Croatian Ministry of Science, Education and
Sports under Contracts Nos. 119-0982930-1016.
A. Integral parametrization
In this part we illustrate the way we have performed the computation of the integrals which
differ from regular ones by the existence of a non-quadratic kθp denominators. The key
point was to introduce the HQET parametrization [49], represented as follows
1
an11 a
n2
2
=
Γ(n1 + n2)
Γ(n1)Γ(n2)
∫ ∞
0
in1yn1−1dy
(ia1y + a2)n1+n2
. (A.1)
To perform computations of our integrals, we first use the Feynman parametrization
on the quadratic denominators, then the HQET parametrization help us to combine the
quadratic and linear denominators. For example
1
k2(p+ k)2
1
kθp
= 2i
1∫
0
dx
∞∫
0
dy
[
(k2 + iǫ)(1 − x) + ((p+ k)2 + iǫ)x+ iy(kθp)]−3.(A.2)
After employing the Schwinger parametrization, the phase factors from (2.8) can be ab-
sorbed by redefining the y integral. This way we obtain
2− eikθp − e−ikθp
k2(p+ k)2(kθp)
· {numerator} = 2i
1∫
0
dx
1
λ∫
0
dy
∞∫
0
dλλ2e−λ
(
l2+x(1−x)p2+ y
2
4
(θp)2
)
· {y odd terms of the numerator}, (A.3)
with loop-momenta being l = k + xp + i2y(θp). By this means the y-integral limits take
the places of planar/nonplanar parts of the loop integral. For higher negative power(s)
of kθp, the parametrization follows the same way except the appearance of the additional
y-integrals which lead to finite hypergeometric functions [68].
B. Loop Integrals
Employing the aforementioned parametrization we observe that all loop integrals we have
computed can be expressed using two series of integrals in addition to the usual planar
dimensional regularization formulas. These integrals, denoted as K and W, are defined as
follows:
K[ν; a, b] = 2−ν(θp)ν
1∫
0
dxxa(1− x)bX−νKν [X] (B.1)
W[ν; a, b] =
1∫
0
dxxa(1− x)bWν [X] (B.2)
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where Kν [X] is the modified Bessel function of second kind, while
Wν [X] = (θp)
−2ν
(
X2νΓ [−ν] 1F2
[
1
2
;
3
2
, ν + 1;
X2
4
]
− 2
2ν
1− 2νΓ [ν] 1F2
[
1− 2ν
2
; 1− ν, 3− 2ν
2
;
X2
4
])
. (B.3)
The variable X is defined in (3.6).
Loop coefficients F
κf
i (p) involves integral K’s only:
F
κf
1 (p) = −4Dim(Cl[[d]])(4π)2−
D
2 µd−Dκ2f
(
Γ
(
2− D
2
)(Γ(D2 ))2
Γ(D)
(p2)
D
2
−2 − 2K
[
D
2
− 2; 1, 1
])
,
(B.4)
F
κf
2 (p) = Dim(Cl[[d]])(4π)
2−D
2 µd−Dκf
((
κf − 1
)( 4
(θp)2
)D
2 2Γ(
D
2 )
D − 1 − 2κf K
[
D
2
; 0, 0
])
,
(B.5)
while the loop coefficients B
κg
i (p)’s and N
κf
i (p)’s contain both integrals, the K’s and the
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W’s, respectively:
B
κg
1 (p) =(4π)
2−D
2 µd−D
{
− 2
2−Dπ
3
2 csc Dπ2 (p
2)
D
2
−2
Γ
(
D+1
2
)
·
{
D2(κg − 3)2 −D
(
κg(3κg − 22) + 37
)
− 2
(
κg(κg + 2)− 11
)
+
(
(D − 2)κ2g + 2Dκg + 3D − 4
)
(trθθ)
p2
(θp)2
+ 2
(
(D − 2)κ2g + 2Dκg + (D − 2)
)
(θθp)2
p2
(θp)4
}
− 8(κg − 2)2K
[
D
2
− 2; 0, 0
]
+ 8
(
D(κg − 3)2 + 3(κ2g − 2κg − 1)
)
K
[
D
2
− 2; 1, 1
]
+
(
− 2κ2g + 8κg +D − 11
)
(θp)2W
[
D
2
− 1; 0, 0
]
+ 2
(
3(κg − 1)2 +D(κ2g − 6κg + 7)
)
(θp)2W
[
D
2
− 1; 1, 1
]
+ (trθθ)
p2
(θp)2
{
4(κg + 2)
2K
[
D
2
− 2; 0, 0
]
− 8(D + 1)(κg − 1)
2
D − 1 K
[
D
2
− 2; 1, 1
]
+
8(D + 1)(κg − 1)2
D − 1 p
−2K
[
D
2
− 1; 0, 0
]
+ (κ2g + 2)(θp)
2W
[
D
2
− 1; 0, 0
]
− 2(D + 1)(κg − 1)
2
D − 1 (θp)
2W
[
D
2
− 1; 1, 1
]}
+ (θθp)2
p2
(θp)4
{
8(κ2g + 1)K
[
D
2
− 2; 0, 0
]
− 16D(κg − 1)
2
D − 1 K
[
D
2
− 2; 1, 1
]
+
8D(κg − 1)2
D − 1 p
−2K
[
D
2
− 1; 0, 0
]
+ (κ2g + 1)(θp)
2W
[
D
2
− 1; 0, 0
]
+
2(D + 1)(κg − 1)2
D − 1 (θp)
2W
[
D
2
− 1; 1, 1
] }}
,
(B.6)
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B
κg
2 (p) =(4π)
2−D
2 µd−Dp2(θp)−2
{
22−Dπ
3
2 csc Dπ2 (p
2)
D
2
−2
Γ
(
D+1
2
)
·
{
− 2D3(κg − 1)2 +D2
(
κg(7κg − 6)− 5
)
+D
(
19− κg(9κg − 2)
)
+ 2
(
κg(κg + 2)− 7
)
− 2
(
3− 2D + κg(κg − 2)
)
(trθθ)
p2
(θp)2
− 8(κg − 1)2(θθp)2 p
2
(θp)4
}
+ 8
(
(D − 3)κ2g + (12− 4D)κg + 3D − 8
)
K
[
D
2
− 2; 0, 0
]
+ 8
(
− 2D3(κg − 1)2 +D2(κ2g + 14κg − 17) +D(7κ2g − 46κg + 37)
− 12κ2g + 44κg − 42
) 1
D − 1K
[
D
2
− 2; 1, 1
]
+ 4
(
κ2g(D − 2)(D − 7)− 2κg(D − 2)(D − 9) + 2D3 − 9D2 − 7D + 38
)
· 1
p2(D − 1)K
[
D
2
− 1; 0, 0
]
+
(
2(D + 1)κ2g − 2(4D + 2)κg + 8D + 13
)
(θp)2W
[
D
2
− 1; 0, 0
]
− 2
(
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C. Proof for the vanishing identity I
In this section we evaluate the equation (3.29) and verify that the integral identity I equals
– 22 –
to zero. First we compute each of the special function integrals
K [0; 0, 0] =
1∫
0
dxK0[X]
=
1∫
0
(−)
∞∑
k=0
xk(1− x)k
(Γ [k + 1])2
(
p2(θp)2
4
)k (
1
2
ln
x(1− x)p2(θp)2
4
− ψ(k + 1)
)
=−
∞∑
k=0
1
Γ [2k + 2]
(
p2(θp)2
4
)k (
1
2
ln
p2(θp)2
4
− ψ(2k + 2)
)
,
(C.1)
K [0; 1, 1] =
1∫
0
dx x(1− x)K0[X]
=
1∫
0
(−)
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(
p2(θp)2
4
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4
− ψ(k + 1)
)
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∞∑
k=0
(k + 1)2
Γ [2k + 4]
(
p2(θp)2
4
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1
2
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p2(θp)2
4
+
1
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− ψ(2k + 4)
)
,
(C.2)
W [1; 0, 0] =
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0
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,
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and
W [1; 1, 1] =
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.
(C.4)
Here ψ(z) is the polygamma function ψ(z) = dz ln Γ[z], which satisfies the recurrence
relation ψ(z + 1) = ψ(z) + z−1. Now we have
I =− 8
[(
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(C.5)
One can then see that
− 4
Γ [2k + 4]
+
24(k + 2)2
Γ[2k + 6]
+
12(k + 1)
Γ [2k + 4] (2k + 1)
− 64(k + 1)(k + 2)
2
Γ [2k + 6] (2k + 1)
=
4
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(
− 1 + 3(k + 2)
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+
3(k + 1)
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− 8(k + 1)(k + 2)
(2k + 1)(2k + 5)
)
= 0,
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12(k + 1)
Γ[2k + 4](2k + 1)
(
1
k + 1
− 2
2k + 1
)
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2
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(
1
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(
1
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1
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[ −12
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(C.7)
thus
I = 0. (C.8)
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